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Abstract
Purpose: The purpose of this paper is to study the geometric properties of naturally reductive homogeneous
Randers spaces.
Methods: We use Lie theory methods in the study of Finsler geometry.
Results: We ﬁrst prove that if a Randers metric is naturally reductive, then the underlying Riemannian metric is
naturally reductive. Then, we show that, for Berwald type Randers metric, if the underlying Riemannian metric is
naturally reductive, then the Randers metric is naturally reductive. Finally, we give a geometric criterion of
homogeneous naturally reductive Randers spaces.
Conclusions: This paper provides a convenient method to construct naturally reductive Randers metrics on
homogeneous Riemannian manifolds.
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Introduction
Nowadays, the concept of homogeneity is one of the fun-
damental notions in geometry although its means must
be speciﬁed for the concrete situations. In this paper, we
consider the homogeneity of Randersmanifolds. This kind
of homogeneity means that, for every smooth Randers
manifold (M, F), its group of isometries I(M, F) is acting
transitively onM.
The notion of naturally reductive Riemannian met-
rics was ﬁrst introduced by Kobayashi and Nomizu [1].
Among the Riemannian homogeneous metrics, the nat-
urally reductive ones are the simplest kind. They have
nice and simple geometric properties but still form a large
enough class to be of interest. The naturally reductive
spaces have been investigated by a number of authors as
a natural generalization of Riemannian symmetric spaces.
A general theory with many examples was well-developed
by D’Atri and Ziller [2]. Among non-symmetric examples,
there are all isotropy irreducible homogeneous spaces
studied by Wolf [3] and all three-symmetric spaces from
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the classiﬁcation list by Gray [4]. D’Atri and Ziller have
classiﬁed naturally reductive compact Lie groups with
left-invariant metrics in [2]. For a treatment of the non-
compact semisimple case, see Gordon [5].
The purpose of this paper is to study the naturally
reductive homogeneous Randers spaces. The deﬁnition
of naturally reductive homogeneous Finsler spaces is a
natural generalization of the deﬁnition of naturally reduc-
tive Riemannian homogeneous spaces. This deﬁnition was
given by the ﬁrst author in [6]. We study the geometric
properties of naturally reductive homogeneous Randers
spaces.
Methods
In this section, we shall recall some well-known facts
about Finsler geometry (see [7] for more details). Let M
be an n-dimensional smooth manifold without boundary
and TM denote its tangent bundle. A Finsler structure on
M is a map F : TM −→[ 0,∞) which has the following
properties:
1. F is smooth on T˜M := TM\{0}.
2. F(x, λy) = λF(x, y), for any x ∈ M, y ∈ TxM and
λ > 0.
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3. F2 is strongly convex, i.e.,
gij(x, y) := 12
∂2F2
∂yi∂yj (x, y)
is positive deﬁnite for all (x, y) ∈ T˜M.
For any Finsler metric F , we deﬁne
Cijk = 14[ F
2]yiyjyk .
Then, for any y = 0, we can deﬁne two tensor, namely,
gy(u, v) = gijuivj,
Cy(u, v,w) = Cijk(y)uivjwk .
They are called the fundamental form and the Cartan
torsion, respectively.
An important family of Finsler metrics introduced by





where a = aijdxi ⊗ dxj is a Riemannian metric, and
b = bidxi is a 1-form on M. It has been shown that F
is a Finsler metric if and only if ‖ b ‖= bi(x)bi(x) < 1
[7]. The Riemannian metric a = aijdxi ⊗ dxj induces the
musical bijections between 1-form and vector ﬁelds onM.
In this way, the 1-form b corresponds to a vector ﬁeld b
on M. Thus, a Randers metric F with Riemannian met-
ric a = aijdxi ⊗ dxj and 1-form b can be showed by the
following:
F(x, y) = √ax(y, y) + ax(b, y) x ∈ M, y ∈ TxM,
where ax(b, b) < 1 ∀x ∈ M.
Let G be a Lie group and H be a closed subgroup of G.
The coset space G/H has a unique smooth structure such
that G is a Lie transformation group of G/H . It is called
reductive if there exists a subspace m of the Lie algebra g
of G such that
g = h⊕m,
where h is the Lie algebra of H and Ad(h)m ⊂ m, ∀h ∈ H .
The study of invariant structures on homogeneousman-
ifolds is an important problem of diﬀerential geome-
try. Deng and Hou studied invariant Finsler metrics on
homogeneous spaces and gave some descriptions of these
metrics [9]. Also, in [6,10-13], we have studied the homo-
geneous Finsler spaces and the homogeneous geodesics
in homogeneous Finsler spaces. In [14], we study the
geometry of Lie groups with bi-invariant Randers metrics.
LetG/H be a reductive homogeneous manifold with the
reductive decomposition g = h+m. Then, there is a one-
to-one correspondence between the G-invariant Finsler
metric on G/H and the Minkowski norm on m satisfying
F(Ad(h)x) = F(x), ∀h ∈ H , x ∈ m [9].
Let G/H be a reductive homogeneous manifold. Let
a = aijdxi ⊗ dxj be an invariant Riemannian metric on
G/H . Let m be the orthogonal complement of h in g with
respect to the inner product induced on g by a = aijdxi ⊗
dxj. Then, there exists a bijection between the set of all
invariant Randers metrics on G/H with the underlying
Riemannian metric a = aijdxi ⊗ dxj and the set [9]
V = {X ∈ m|Ad(h)X = X, 〈X,X〉 < 1,∀h ∈ H},
where 〈, 〉 is the inner product induced by a = aijdxi⊗dxj.
Then, for any X ∈ V , there exists an invariant Randers
metric on G/H by the following formula:
F(xH , y) = √axH(y, y)+axH(X˜, y), y ∈ TxH(G/H),
where X˜ is the corresponding invariant vector ﬁeld on
G/H to X.
Naturally reductive spaces
A Riemannian homogeneous space (G/H , F) with its ori-
gin p = {H} is always a reductive homogeneous space in
the following sense [1,15]: we denote by g and h the Lie
algebra of G and H , respectively, and consider the adjoint
representation Ad : H × g −→ g of H on g. There is
a direct sum decomposition (reductive decomposition) of
the form g = m+hwherem ⊂ g is a vector subspace such
that Ad(H)(m) ⊂ m. For a ﬁxed reductive decomposition
g = m+h, there is a natural identiﬁcation ofm ⊂ g = TeG
with the tangent space TpM via the projection π : G −→
G/H = M. Using this natural identiﬁcation and the scalar
product gp on TpM, we obtain a scalar product 〈, 〉 on m
which is obviously Ad(H)-invariant.
Furthermore, note that if (M = G/H , g) is a homo-
geneous space, for each Z ∈ g, the mapping (t, q) ∈
R × M −→ τ(exp(tZ))(q) is a one-parameter group of
isometries. Consequently, it induces a Killing vector ﬁeld
Z∗, called the fundamental vector ﬁeld onM, given by
Z∗q =
d
dt |0(τ (exp(tZ))(q)), q ∈ M.
The following deﬁnition is well known from [1].
Deﬁnition 3.1. A Riemannian homogeneous space
(G/H , g) is said to be naturally reductive if there exists a
reductive decomposition g = m + h of g satisfying the
condition
〈[X,Z]m ,Y 〉 + 〈X, [Z,Y ]m 〉 = 0 for all X,Y ,Z ∈ m.
(1)
Here, the subscript m indicates the projection of an ele-
ment of g into m.
Remark 3.1. It is also well known that the condition (1)
is equivalent to the following more geometrical property:
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For any vector X ∈ m\{0}, the curve γ (t) =
τ(exp tX)(p) is a geodesic with respect to the Riemannian
connection.
Here, exp and τ(h) denote the Lie exponential map of
G and the left transformation of G/H induced by h ∈
G, respectively. Thus, for a naturally reductive homoge-
neous space, every geodesic on (G/H , g) is an orbit of a
one-parameter subgroup of the group of isometries.
Let (G/H , g) be a homogeneous Riemannian manifold
with a ﬁxed origin p, and
g = m+ h
a reductive decomposition. A homogeneous geodesic
through the origin p ∈ G/H is a geodesic γ (t) which is an
orbit of a one-parameter subgroup of G, that is
γ (t) = exp(tZ)(p), t ∈ R,
where Z is a nonzero vector of g.
A non-zero vector Z ∈ g is called a geodesic vector if
the curve exp(tZ)(p) is a geodesic. Kowalski and Vanhecke
[16,17] proved the following characterization of geodesic
vectors.
Lemma 3.1. A non-zero vector Z ∈ g is a geodesic if and
only if
〈[Z,Y ]m ,Zm〉 = 0
for all Y ∈ m.
Results and discussion
The scheme is based on treating the geometry of coset
manifolds G/H as a generalization of the geometry of
Lie group G (since G/H reduces to G when H = {0}).
From this viewpoint, the isomorphism m  To(G/H)
generalizes the canonical isomorphism g  TeG, and
a G-invariant Riemannian metric on G/H generalizes a
left-invariant metric on G. The notion of a bi-invariant
Riemannianmetric onG generalizes as the notion of a nat-
urally reductive homogeneous Riemannian space. In fact,
when H = {e}, and hence m = g, the condition (1) is just
the condition
〈[X,Y ] ,Z〉 + 〈Y , [X,Z] 〉 = 0, (2)
for a bi-invariant Riemannian metric on G.
Let G be a connected Lie group. Then, there exists a bi-
invariant Finsler metric on G if and only if there exists a
Minkowski norm F on g such that
gy([ x,u] , v) + gy(u, [ x, v] ) + 2Cy([ x, y] ,u, v) = 0, (3)
where y ∈ g− {0}, x,u, v ∈ g.
It is easy to see that the condition (3) is the natural
generalization of (2). The following deﬁnition of naturally
reductive homogeneous Finsler space was introduced by
the ﬁrst author in [6].
Deﬁnition 4.1. ([6]). A homogeneous manifold G/H
with an invariant Finslermetric F is called naturally reduc-
tive if there exists an Ad(H) - invariant decomposition
g = h+m such that
gy([ x,u]m , v)+ gy(u, [ x, v]m )+2Cy([ x, y]m ,u, v) = 0,
(4)
where y = 0, x,u, v ∈ m.
Evidently, this deﬁnition is the natural generalization of
(1). On the other hand, when H = {e}, hence m = g, this
formula is just (3).
Theorem 4.1. Let (M, F) be a homogeneous Randers
space with F deﬁned by the Riemannian metric a =
aijdxi ⊗ dxj and the vector ﬁeld X. If (M, F) is naturally
reductive, then the underlying Riemannian metric (M, a)
is naturally reductive.
Proof. Let (M, F) be naturally reductive, i.e., for all y =
0,u, v, z ∈ m,
gy([ z,u]m , v)+ gy(u, [ z, v]m )+ 2Cy([ z, y]m ,u, v) = 0.
Thus,
gy([ y,u]m , v) + gy(u, [ y, v]m ) = 0.
(M, F) and (M, a) have the same geodesics and for all 0 =
y ∈ m, y is a geodesic vector, so for all y ∈ m, we have
a(X, [ y, g]m ) = 0.
By deﬁnition,
gy(u, v) = 12
∂2
∂r∂sF
2(y + ru + sv)|r=s=0.
Thus, by a direct computation, we get
gy(u, v) = a(u, v) + a(X,u)a(X, v) + a(u, v)a(X, y)√a(y, y)










gy([ y,u]m , v) = a([ y,u]m , v)
(
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gy(u, [ y, v]m ) = a(u, [ y, v]m )
(





0 = gy([ y,u]m , v) + gy(u, [ y, v]m )
= (a([ y,u]m , v) + a(u, [ y, v]m ))
(










a([ y,u]m , v) + a(u, [ y, v]m ) = 0.
Theorem 4.2. Let (G/H , F) be a homogeneous Ran-
ders space with F deﬁned by the Riemannian metric a =
aijdxi ⊗ dxj and the vector ﬁeld X which is of Berwald
type. If (G/H , a) is naturally reductive, then (G/H , F) is
naturally reductive.
Proof. Let (G/H , F) be naturally reductive. We show
that for all y = 0, z,u, v ∈ m
gy([ z,u]m , v) + gy(u, [ z, v]m+2Cy([ z, y]m ),u, v) = 0.
Since F is of Berwald type, (G/H , F) and (G/H , a) have
the same connection. Thus, by a direct computation from
(5), we get
gy([ z,u]m , v) = a([ z,u]m , v)
(
1 + a(X, y)√
a(y, y)
)




− a(v, y)a(X, y)a(y, y)3/2
)
, (6)
gy(u, [ z, v]m ) = a(u, [ z, v]m )
(
1 + a(X, y)√
a(y, y)
)








Cy(z,u, v) = 12
d
dt [ gy+tv(z,u)] |t=0.
Thus, we have




− a(y, v)a(X, y)a(y, y)3/2
)




− a(X, y)a(u, y)a(y, y)3/2
)
. (8)
Since (G/H , a) is naturally reductive, substituting (6),
(7), and (8) in
gy([ z,u]m , v) + gy(u, [ z, v]m ) + 2Cy([ z, y]m ,u, v)
completes the proof. 
For the result on homogeneous geodesics in homoge-
neous Finsler manifold, we refer to [6], [11], [12]. The
basic formula characterizing geodesic vector ( Geodesic
Lemma) in the Finslerian case was given in [6]. Let
(G/H , g) be a homogeneous Finslerian manifold with a
ﬁxed origin p, and
g = m+ h
a reductive decomposition.
Lemma 4.1. ([6]). A vector Z ∈ g is a geodesic vector if
and only if
gZm([Z,Y ]m ,Zm) = 0
for all Y ∈ m.
We now present a geometric criterion of homogeneous
naturally reductive Randers spaces as Remark 3.1.
Theorem 4.3. Let (M = G/H , F) be a homogeneous
Randers space with F deﬁned by the Riemannian met-
ric a = aijdxi ⊗ dxj and the vector ﬁeld X. Then, the
homogeneous Randers space (M = G/H , F) with the ori-
gin p = {H} and with an Ad(H)-invariant decomposition
g = m+h is naturally reductive with respect to this decom-
position if and only if for any vector X ∈ m \ {0}, the curve
γ (t) = exptX(p) is a geodesic of (G/H,F).
Proof. First, we suppose that (M, F) is naturally reduc-
tive. Then, the underlying Riemannianmetric a = aijdxi⊗
dxj is naturally reductive, and the connection of F and
a = aijdxi ⊗ dxj coincides. This means that F is a
Berwald metric. Let g = m + h be the naturally reductive
decomposition such that
gy([ x,u] , v) + gy(u, [ x, v] ) + 2Cy([ x, y] ,u, v) = 0,
where y = 0, x,u, v ∈ m.
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Then, for Z ∈ m,
gZ(Z, [Z,Y ]m ) = a(Z, [Z,Y ]m ) = 0,
for all Y ∈ m.
Then, according to [6], each geodesic of (G/H , F) ema-
nating from the origin p = {H} is just exp(tZ).p, Z ∈ m.
On the other hand, suppose that for any vectorX ∈ m\{0},
the curve γ (t) = exptX(p) is a geodesic of (G/H,F).
We ﬁrst show that F must be a Berwald metric. In fact,
the tangent space TxM can be identiﬁed with m by the
correspondence
X ∈ m −→ ddt exp(tX).x|t=0.
Then, by the condition on the geodesics of (M, F), we
see that the exponential mapping Exp|x of (M, F) at x is
just
Exp(X) = π(exp(X)), X ∈ m,
where π is the natural projection of G onto G/H . Since
the mapping exp and π are smooth, Exp|x is a smooth
mapping. Since (M, F) is homogeneous, the exponen-
tial mapping is smooth everywhere. Thus, F must be a
Berwald metric [7].
Since F is of Berwald type, (M, F) and (M, a) have the
same connection. Then, they have the same geodesics.
Hence, for any Z ∈ m, the curve exp(tX).p is a homoge-
neous geodesic of (M, a). By Lemma 3.1, the vector Z ∈ m
is a geodesic vector, so
〈[Z,Y ]m ,Z〉 = 0, ∀Y ∈ m.
Now, for any Y ,Z,W ∈ m, setW ′ = W+Y , Y ′ = Y+Z.
Then, we have
0 = 〈[W ′,Y ′]m ,W ′〉 = 〈[W ,Z]m ,Y 〉+〈[Y ,Z]m ,W 〉.
This implies that (G/H , a) is naturally reductive. Now,
using the Theorem 4.2, we have that (G/H , F) is naturally
reductive.
Conclusions
In this paper, we study the naturally reductive Randers
metrics on homogeneous manifolds. We ﬁrst prove that
if a Randers metric is naturally reductive, then the under-
lying Riemannian metric is naturally reductive. Then, we
show that for Berwald type Randers metric if the under-
lying Riemannian metric is naturally reductive, then the
Randers metric is naturally reductive. Finally, we give a
geometric criterion of homogeneous naturally reductive
Randers spaces. The concept is new and may be useful in
the Lie group theory and Finsler geometry.
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